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1. Introduction
In this paper we consider simple graphs, that is graphs without loops, multiple and directed edges.
Let G be such a graph and let n and m be the number of its vertices and edges, respectively. We say
that G is an (n, m)-graph.
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The line graph L(G) of the graph G is the graph whose vertex set is in one-to-one correspondence
with the set of edges of G, where two vertices of L(G) are adjacent if and only if the corresponding
edges in G have a vertex in common [24].
The eigenvalues λ1(G), λ2(G), . . . , λn(G) of the adjacency matrix A(G) of the graph G are said to
be the eigenvalues of G and to form its spectrum. For details of the spectral theory of graphs see [7,9].
The energy of the graph G is deﬁned as
E(G) =
n∑
j=1
|λj(G)|.
Although this graph–spectral invariant was introduced in the mathematical literature already in the
1970s [15], and has an still older chemical origin (see e.g., [6]), its extensive study started only in the
last 5–10 years. For details on the mathematical theory of graph energy see the reviews [16,19,30],
the recent papers [1,3,23,25,28,31,33,36,39,40]), and the references cited therein. The vigor of current
research on graph energy is seen from the fact that since the year 2000 over 200 papers on this matter
have been published. Yet, the energy of the line graphs was until now not systematically studied (see,
however, [2,27,37]). The aim of the present paper is to contribute towards ﬁlling this gap.
Let D(G) be the diagonal matrix of order n whose (i, i)-entry is the degree of the vertex vi of the
graph G. Then thematrices L(G) = D(G) − A(G) and L+(G) = D(G) + A(G) are the Laplacianmatrix
and the signless Laplacian matrix, respectively, of the graph G. For details on their spectral properties
see [13,14,34] and [5,8], respectively.
The following result is well known [13,14].
Theorem 1. The spectra of L(G) and L+(G) coincide if and only if the graph G is bipartite.
If μ1,μ2, . . . ,μn and μ
+
1 ,μ
+
2 , . . . ,μ
+
n are, respectively, the eigenvalues of the matrices L(G) and
L+(G), then the Laplacian energy of G is deﬁned as in [22]
LE = LE(G) =
n∑
i=1
∣∣∣∣μi − 2m
n
∣∣∣∣ .
In analogy to LE we may deﬁne the signless Laplacian energy as
LE+ = LE+(G) =
n∑
i=1
∣∣∣∣μ+i − 2m
n
∣∣∣∣ .
whereas the theory of the Laplacian energy is nowadays reasonably well elaborated (see [12,18,29,
38,42–44] and the references cited therein) the signless Laplacian energy seems to be only recently
encountered [20,21].
Theconceptofmatrixenergy,put forwardbyNikiforov [35], representsa far-reachinggeneralization
of graph energy. Let C be a real matrix of dimension s × t, with singular values s1(C), s2(C), . . . , sq(C) .
Its energy E(C) is, by deﬁnition, equal to s1(C) + s2(C) + · · · + sq(C), where q = min{s, t}. Conse-
quently, if C is real and square of order n × n , with eigenvalues λ1(C), λ2(C), . . . , λn(C), then its
energy is
E(C) =
n∑
i=1
|λi(C)|.
In particular, E(G) = E(A),
LE(G) = E
(
L(G) − 2m
n
1n
)
and LE+(G) = E
(
L+(G) − 2m
n
1n
)
(1)
where 1n stands for the identity matrix of order n.
Let I(G) be the (vertex-edge) incidence matrix of the graph G. For a graph G with vertex set
{v1, v2, . . . , vn} and edge set {e1, e2, . . . , em}, the (i, j)-entry of I(G) is 1 if vi is incident to ej and 0
otherwise. As it is well known [8,24],
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I(G)I(G)t = A(G) + D(G) = L+(G) (2)
I(G)tI(G) = 21m + A(L(G)). (3)
Throughout this paper we shall much use also another well-known result.
Lemma 2. I(G)tI(G) and I(G)I(G)t have the same nonzero eigenvalues.
Lemma 2 is just a special case of the fact that if A and B are any matrices of orders t × s and s × t,
respectively, then AB and BA have the same nonzero eigenvalues (cf. [26,32]).
2. Bounds for the energy of line graph
We ﬁrst prove a lemma which is used in the study of our equality cases.
Lemma 3. Let a1, a2, . . . , an and b1, b2, . . . , bn be two sequences of real numbers. The equality
n∑
i=1
|ai + bi| =
n∑
i=1
|ai| +
n∑
i=1
|bi| (4)
holds if and only if
aibi  0, 1 i n. (5)
Proof. Since it is clear that (5) is a sufﬁcient condition for the equality (4), we need to prove only its
necessity. Before that, it should be noted that for any two real numbers a and b, |a + b| |a| + |b| and
then,
n∑
i=1
|ai + bi|
n∑
i=1
|ai| +
n∑
i=1
|bi|.
Now, suppose that ∃k ∈ {1, . . . , n} such that akbk < 0 (i.e., (5) does not hold). Then |ak + bk| <|ak| + |bk| and therefore∑ni=1 |ai + bi| < ∑ni=1 |ai| +∑ni=1 |bi|. 
In this section we present some bounds for the energy of the line graph. In fact, we establish:
Theorem 4. Let G be a graph with n 1 vertices and m 1 edges.
(a) If m = n, then E(L(G)) = LE+(G).
(b) If m < n, then
LE+(G) − 4m
n
(n − m) E(L(G)) < LE+(G). (6)
The left-hand side equality in (6) is attained if and only if G consists of m copies of complete graphs
K2 and p isolated vertices, p 0.
(c) If m > n, then LE+(G) < E(L(G)) < LE+(G) + 4(m − n).
Proof
(a) This equality is obtained directly from Lemma 2 and Eq. (1), because, m = n implies that both
matrices I(G)tI(G) and I(G)I(G)t have the same eigenvalues.
(b) Suppose that m < n and λi(I(G)
tI(G)) = λi(I(G)I(G)t) for i = 1, 2, . . . , m. Then λi(I(G)
I(G)t) = 0 for i = m + 1, m + 2, . . . , n. Therefore,
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LE+(G)=
n∑
i=1
∣∣∣∣λi(I(G)I(G)t) − 2m
n
∣∣∣∣
=
m∑
i=1
∣∣∣∣λi(I(G)tI(G)) − 2m
n
∣∣∣∣+
n∑
i=m+1
∣∣∣∣λi(I(G)I(G)t) − 2m
n
∣∣∣∣

m∑
i=1
∣∣∣λi(I(G)tI(G)) − 2∣∣∣+ m∑
i=1
∣∣∣∣2 − 2m
n
∣∣∣∣+
n∑
i=m+1
∣∣∣∣−2m
n
∣∣∣∣
=E(L(G)) + 2m
n
(n − m) + 2m
n
(n − m).
Thus the ﬁrst inequality is proved.
By Lemma 3, equality holds if and only if
(λi(I(G)
tI(G)) − 2)(2 − 2m/n) 0 for all i = 1, 2, . . . , m. (7)
We have 2 − 2m/n > 0. Hence, (7) implies that λi(I(G)tI(G)) 2 for i = 1, 2, . . . , m. This
means
λi(21m + A(L(G)) 2 for all i = 1, 2, . . . , m.
The above conditions imply that all eigenvalues of A(L(G)) must be greater than or equal to
zero. Bearing in mind that trace(A(L(G))) = 0, this could happen if and only if all eigenvalues
of L(G) are equal to zero, i.e., if L(G) has no edges, i.e., if A(L(G)) = 0. Thus, G must consist of
m copies of K2 and possibly some additional, say p , isolated vertices. Consequently, equality on
the left-hand side in (b) happens if and only if G ∼= mK2⊕ pK1.
Next, we have
E(L(G))=E
(
I(G)tI(G) − 21m
)
=
m∑
i=1
∣∣∣λi(I(G)tI(G)) − 2∣∣∣
=
m∑
i=1
∣∣∣λi(I(G)I(G)t) − 2∣∣∣ = n∑
i=1
∣∣∣λi(I(G)I(G)t) − 2∣∣∣− 2(n − m)

n∑
i=1
∣∣∣∣λi(I(G)I(G)t) − 2m
n
∣∣∣∣+
n∑
i=1
∣∣∣∣2 − 2m
n
∣∣∣∣− 2(n − m) = LE+(G)
resulting in the second inequality in (b).
Suppose that there exists a graphG, such that equality on the right-hand side holds. By applying
Lemma 3, we see that equality would hold if and only if(
λi(I(G)I(G)
t) − 2m
n
)(
2m
n
− 2
)
 0 for all i = 1, 2, . . . , n. (8)
We have 2 − 2m/n > 0. Hence, (8) implies that λi(I(G)I(G)t) − 2m/n 0 for i = 1, 2, . . . , n.
Thus
λi(L
+(G)) = λi(I(G)I(G)t) 2m
n
< 2, i = 1, 2, . . . , n. (9)
Recall that for subscripts i corresponding to nonzero eigenvalues, the equality λi(L
+(G)) =
λi(21m + A(L(G)) holds. Bearing in mind the Perron eigenvalue of A(L(G)), the inequality (9)
implies that G does not exist.
(c) Suppose that 1 n < m and that λi(I(G)tI(G)) = λi(I(G)I(G)t) for i = 1, 2, . . . , n. Hence,
λi(I(G)I(G)
t) = 0 for i = n + 1, n + 2, . . . , m. Therefore,
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LE+(G)=
n∑
i=1
∣∣∣∣λi(I(G)I(G)t) − 2m
n
∣∣∣∣
=
m∑
i=1
∣∣∣∣λi(I(G)tI(G)) − 2m
n
∣∣∣∣− 2m
n
(m − n)

m∑
i=1
∣∣∣λi(I(G)tI(G)) − 2∣∣∣+ m∑
i=1
∣∣∣∣2 − 2m
n
∣∣∣∣− 2m
n
(m − n)
=E(L(G)).
Thus, the ﬁrst inequality holds. In order to study equality cases, apply Lemma 3. Then we see
that equality holds if and only if
(λi(I(G)
tI(G)) − 2)
(
2 − 2m
n
)
 0 i = 1, 2, . . . , m. (10)
Wehave 2 − 2m/n < 0.Hence, (10) implies thatλi(I(G)tI(G)) − 2 0 for i = 1, 2, . . . , m. This
means that
λi(21m + A(L(G))) 2 i = 1, 2, . . . , m.
As a consequence,A(L(G)) = 0, implyingm = 0, which contradicts to the assumptionm > n.
The second inequality in (c) is obtained as follows:
E(L(G))=E
(
I(G)tI(G) − 21m
)
=
m∑
i=1
∣∣∣λi(I(G)tI(G)) − 2∣∣∣
=
n∑
i=1
∣∣∣λi(I(G)I(G)t) − 2∣∣∣+ 2(m − n)

n∑
i=1
∣∣∣∣λi(I(G)I (G)t) − 2m
n
∣∣∣∣+
n∑
i=1
∣∣∣∣2 − 2m
n
∣∣∣∣+ 2(m − n)
=LE+(G) + 4(m − n).
Suppose that there exists a graph G such that this inequality is fulﬁlled as equality. By applying
Lemma 3, we see that equality holds if and only if(
λi(I(G)I(G)
t) − 2m
n
)(
2m
n
− 2
)
 0 i = 1, 2, . . . , n. (11)
We have 2m/n − 2 > 0. Hence, (11) implies that
λi(I(G)I(G)
t) − 2m
n
 0 i = 1, 2, . . . , n.
Thus
λi(L
+(G)) = λi(I(G) I(G)t) 2m
n
> 2, i = 1, 2, . . . , n. (12)
Recall that for subscripts i corresponding to nonzero eigenvalues, the equality λi(L
+(G)) =
λi(21m + A(L(G)) holds. In consequence,λi(A(L(G))) > 0, i = 1, 2, . . . , n, andλi(A(L(G))) =−2, i = n + 1, n + 2, . . . , m. Since
trace(A(L(G))) = 0 ⇔ −2(m − n) +
n∑
i=1
λi(A(L(G))) = 0
from which follows E(L(G)) = 4(m − n) < LE+(G) + 4(m − n). Therefore, the left-hand side
equality in (c) cannot occur. 
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Let H be an induced subgraph of the graph G. Clearly, H is induced if and only if A(H) is a principal
submatrix of A(G).
We now establish a relationship between E(L(H)), E(L(G − H)), and E(L(G)).
If H is any subgraph of G we denote by n(H) and m(H) the number of vertices and edges of H,
respectively. We recall the following:
Theorem 5 ([11]). Let H be an induced subgraph of G. Then E(H) + E(G − H) E(G). Equality holds if
and only if each edge of G is an edge of H.
Theorem 6. Let H be an induced subgraph of G. Then
(a) L(H) and L(G − H) are induced subgraphs of L(G).
(b) If δ = m(G) − m(H) − m(G − H), then E(L(H)) + E(L(G − H)) + 2δ  E(L(G)).
Proof. Labeling the vertices and the edges of G in an appropriate way, we have
I(G) =
[
J X 0
0 Y K
]
where J andK are the n(H) × m(H) and n(G − H) × m(G − H) incidencematrices ofH andG − H, re-
spectively. Note thatX and Y are n(H) × δ and n(G − H) × δ matrices, respectively. From I(G)tI(G) =
21m + A(L(G)) and
I(G)tI(G) =
⎡
⎣ J
t 0
Xt Yt
0 Kt
⎤
⎦ [ J X 0
0 Y K
]
=
⎡
⎣ J
tJ JtX 0
XtJ XtX + YtY YtK
0 KtY KtK
⎤
⎦
we deduce that XtX + YtY = 21δ + Z , with Z  0. From ([11], Theorem 2) the result follows. 
3. Bipartite case
Let G be a bipartite graph. From Theorem 1 we obtain LE+(G) = LE(G). In [41] it was proven
that for a bipartite graph, E(G) LE(G). From these results we arrive at the following corollary of
Theorem 4.
Corollary 7. Let G be a bipartite (n, m)-graph.
(a) If m = n, then E(G) E(L(G)). Equality holds if and only if G is regular.
(b) If m < n, then
E(G) − 4m
n
(n − m) LE(G) − 4m
n
(n − m) E(L(G)) < LE(G).
The left-hand side inequality is attained as equality if and only if G ∼= mK2.
(c) If m > n, then E(G) LE(G) < E(L(G)) < LE(G) + 4(m − n).
4. Regular graphs
Let G be a regular graph of degree r  2, with n vertices and m = nr/2 edges. Then the following
relations hold (see [7]).
λi(L(G)) = λi (G) + r − 2, i = 1, 2, . . . , n (13)
and
λi(L(G)) = −2, i = n + 1, n + 2, . . . , m.
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Lemma 8 ([38]). Let G be a bipartite graph. Then the equality E(G) = LE(G) holds if and only if G is a
regular graph.
Corollary 9. Let G be a bipartite (n, n)-graph, such that E(G) = E(L(G)). Then G ∼= Cn or G ∼= pCq,
where n is an even integer not less than 4, q is an even integer and pCq consists of p copies of Cp,
with pq = n.
Proof. By hypothesis and Theorem 4, LE+(G) = E(L(G)) = E(G). As G is bipartite, LE+(G) = LE(G).
Therefore, E(G) = LE(G) and by Lemma 8, G must be a regular graph. Assuming that the degree of G
is r, then n = nr/2 and hence r = 2. Thus the result follows. 
Additionally, as an immediate consequence of Theorem 4, we have:
Corollary 10. Let G be a regular graph of degree r  2 with n vertices and m = nr/2 edges.
(a) If r = 2, then E(G) = E(L(G)).
(b) If r > 2, then E(G) < E(L(G)) < E(G) + 2n(r − 2).
5. Nordhaus–Gaddum type results for the energy of line graphs
In this section the graphs G and its complement G are considered. As it is well known, if G is an
(n, m)-graph, then G is an (n, m¯)-graph, with m¯ = n(n − 1)/2 − m.
Theorem 11. If nm n(n − 3)/2 then
LE+(G) + LE+(G) E(L(G)) + E(L(G)) LE+(G) + LE+(G) + n(n − 5)
n
.
Proof. It is easily checked that the hypothesis implies n m¯. Now, the bounds follow straightforwardly
from Theorem 4 and the fact that (m − n) + (m¯ − n) = n(n − 5)/5. 
From now on we assume that n 5.
As a direct consequence of Theorem 4, if n = m = 5 then
LE+(G) + LE+(G) = E(L(G)) + E(L(G)).
In addition to this we have
Theorem 12
(a) If 5 < n and m = n, then
LE+(G) + LE+(G) < E(L(G)) + E(L(G)) < LE+(G) + 4(m¯ − n).
(b) If 5 < n and m < n, then
LE+(G) + LE+(G) − 4m
n
(n − m)<E(L(G)) + E(L(G))
<LE+(G) + LE+(G) + 4(m¯ − n).
(c) If 5 < n and m = n(n − 3)/2, then
LE+(G) + LE+(G) < E(L(G)) + E(L(G)) < LE+(G) + 4(m − n).
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(d) If n(n − 3)/2 < m, then
LE+(G) + LE+(G) − 4m¯
n
(n − m)<E(L(G)) + E(L(G))
<LE+(G) + LE+(G) + 4(m − n).
Proof. The inequalities in points (a), (b), (c), and (d) follow straightforwardly from Theorem 4, by
taking into account that the conditions for n andm imply (a) m¯ > n, (b) n < m¯, (c) n < m and n = m¯,
and (d) n < m and m¯ < n, respectively. 
6. Semiregular graphs
The results in this section are based on the following:
Lemma 13 ([11]). For the symmetric matrix M =
[
B K
Kt C
]
,
E(M) E(B) + E(C)
with equality if and only if K = 0.
Let ri  1 i = 1, 2. Recall that a graphG is called semiregular of degrees r1, r2 if it is bipartite having
a representation G = (V1, V2; E)where, |V1| = n1,|V2| = n2, such that the elements of Vi have degree
ri, i = 1, 2. Of course, the total number of vertices of G is n = n1 + n2. Let n1  n2 andm n. Then,
A(G) =
[
0 K
Kt 0
]
and D(G) =
[
r11n1 0
0 r21n2
]
where K is an n1 × n2 matrix. Note that, by virtue of (2) and (3)
I(G)I(G)t =
[
r11n1 K
Kt r21n2
]
= A(G) + D(G) (14)
and
A(G) + D(G) − 21n =
[
(r1 − 2)1n1 K
Kt (r2 − 2)1n2
]
. (15)
Theorem 14. Let G, m, n, Vi, ni, ri, i = 1, 2, be as speciﬁed above. Then
max{E(G), s(n1, n2, r1, r2)} E(L(G)) E(G) + s(n1, n2, r1, r2) (16)
where s(n1, n2, r1, r2) = n1|r1 − 2| + n2|r2 − 2| + 2(m − n). Equality holds if and only if r1 = r2 = 2.
Proof. For r1 = r2 = 2,G is a regular and bipartite (n, n)-graph. Hence s(n1, n2, r1, r2) = 0 and E(G) =
LE(G) = LE+(G) = E(L(G)). Thus the inequalities in (16) hold as equalities.
Now, assume that ri > 2, i = 1, 2. Thenm > n andwe show that both inequalities in (16) are strict.
1. Proving the right–hand side inequality in (16):
Suppose that λi(I(G)
tI(G)) = λi(I(G)I(G)t), i = 1, 2, . . . , n. By Lemma 2 we have λi(I(G)
I(G)t) = 0, i = n + 1, n + 2, . . . , m. Then
E (L(G))=
m∑
j=1
∣∣∣λj(I(G)tI(G) − 21m)∣∣∣ = m∑
j=1
∣∣∣λj(I(G)tI(G)) − 2∣∣∣
=
n∑
j=1
∣∣∣λj(I(G)tI(G)) − 2∣∣∣+ m∑
j=n+1
∣∣∣λj(I(G)tI(G)) − 2∣∣∣
1320 I. Gutman et al. / Linear Algebra and its Applications 433 (2010) 1312–1323
=
n∑
j=1
∣∣∣λj(I(G)tI(G)) − 2∣∣∣+ m∑
j=n+1
|−2|
=
n∑
j=1
∣∣∣λj(I(G)I(G)t) − 2∣∣∣+ 2(m − n):=.
By (14), (15), and the Ky Fan theorem [41],
=E(A(G) + D(G) − 21n) + 2(m − n)
E(G) + E(D(G) − 21n) + 2(m − n)
and by a short computation,
 = E(G) + n1 |r1 − 2| + n2 |r2 − 2| + 2(m − n).
The right–hand side inequality follows.
Suppose that there exists a graph G, such that the equality on the right–hand side holds. Then,
E(A(G) + D(G) − 21n) = E(G) + E(D(G) − 21n).
Applying the Ky Fan Theorem, there exists an orthogonal matrix P such that
PA(G) = |A(G)| (17)
and
P(D(G) − 21n) = |D(G) − 21n|. (18)
Setting
P =
[
P1 P2
P3 P4
]
where P1 and P4 are n1 × n1 and n2 × n2 matrices, respectively, the hypothesis and (18) imply
P1 = 1n1 , P2 = 0, P3 = 0 and P4 = 1n2 . Hence by (17), A(G) = 0which is a contradiction.
2. Proving the left–hand side inequality in (16):
By (c) in Corollary 7 the strict inequality E(G) < E(L(G)) follows. By Lemma 13 and Eq. (15),
the inequality
E(A(G) + D(G) − 21n) E((r1 − 2)1n1) + E((r2 − 2)1n2)
holds. Moreover, this inequality is strict when K /= 0, as it is in our case. Then
E(L(G))= > E((r1 − 2)1n1) + E((r2 − 2)1n2) + 2(m − n)
=n1 |r1 − 2| + n2 |r2 − 2| + 2(m − n)
=s(n1, n2, r1, r2).
Since, E(G) < E(L(G)) and s(n1, n2, r1, r2) < E(L(G)), the left–hand side inequality is strict. 
7. Zagreb index and the energy of line graphs
In this section we present some results that relate the Zagreb index of a graph and its signless
Laplacian energy. We also obtain results valid for bipartite graphs.
Recall that the so called Zagreb index of a graph G, denoted here by Zg(G), is the sum of squares
of the vertex degrees of G. More on this simple graph invariant can be found in [10,17,45] and the
references cited therein.
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We start with the well known result [24]:
Theorem 15. Let G be an (n, m)-graph whose vertices have degree di, i = 1, 2, . . . , n. Then L(G) has m
vertices and q edges, where q is given by
q = −m + 1
2
n∑
i=1
(di)
2.
From Theorem 15 we immediately get q = Zg(G)/2 − m.
Denote by Pn and Sn the n-vertex path (=the tree in which the maximum vertex degree is two) and
the n-vertex star (=the tree in which all vertices but one have degree one).
Theorem 16. Let G be an (n, m)-graph. Then√
2Zg(G) − 4m E(L(G)) Zg(G) − 2m. (19)
Equality on the left–hand side is attained if and only if the components of G are P1 and/or P2 and a single
copy of either P3 or P4. Equality on the right–hand side is attained if and only if the components of G are P1
and/or P2 and/or P3.
Proof. For any graph G withm vertices [4,16]
2
√
m E(G) 2m
with equality on the left–hand side if and only if G consists of isolated vertices and/or a star, and with
equality of the right–hand side if and only if G consists of isolated vertices and/or complete graphs of
order 2 (i. e., P2). Theorem 16 follows now by exchanging G by L(G), and by noting that only the line
graphs of P4, P3, and P2 are stars. 
Corollary 17. Let G be an (n, m)-graph. Then
2
√
m
(
2m
n
− 1
)
 E(L(G)).
Proof. This inequality follows from Theorem 16 since⎛
⎝ n∑
i=1
di
⎞
⎠2  n n∑
i=1
(di)
2 = nZg(G)
which implies 4m2  nZg(G). 
Theorem 18. Let G be an (n, m)-graph.
(a) If m = n, then √2Zg(G) − 4m < LE+(G) < Zg(G) − 2m.
(b) If m < n, then√
2Zg(G) − 4m < LE+(G) Zg(G) − 2m
n
(2m − n). (20)
Equality on the right–hand side of (20) is attained if and only if G ∼= mK2.
(c) If m > n, then LE+(G) < Zg(G) − 2m.
Proof
(a) By Theorem 4 form = n, it is LE+(G) = E(L(G)). The result follows from (19).
(b) Using (b) in Theorem 4 form < nwe get:
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LE+(G) E(L(G)) + 4m
n
(n − m)
Zg(G) − 2m + 4m
n
(n − m)
=Zg(G) − 2m
n
(2m − n).
This yields the right–hand side inequality. It is immediate that equality holds if and only if
G ∼= mK2.
By part (b) of Theorem 4,
LE+(G) > E(L(G))
√
2Zg(G) − 4m
which results in the left–hand side inequality.
(c) Form > n, taking into account part (c) of Theorem 4, it follows
LE+(G) < E(L(G)) Zg(G) − 2m. 
IfG is bipartite, then LE(G) = LE+(G). Therefore, applying the previous theorem and the inequality
E(G) LE(G)), obtained in [41], where equality holds if and only if G is regular [38], we arrive at:
Corollary 19. Let G be a bipartite graph.
(a) If m = n, then √2Zg(G) − 4m < LE(G) < Zg(G) − 2m.
(b) If m < n, then√
2Zg(G) − 4m < LE(G) Zg(G) + 2m
n
(n − 2m).
Equality holds if and only if G ∼= mK2.
(c) If m > n, then E(G) LE(G) < Zg(G) − 2m.
Note that if the graph G is a forest with k components, thenm = n − k and by Corollary 19 (b),
LE(G) < Zg(G) − 2(n − k)(n − 2k)
n
and LE(G) >
√
2Zg(G) − 4n + 4k.
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